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Abstract
We propose and analyze a multi-scale and multi-field description of complex
materials in which we consider every material element as a system composed by
Q ∈ N indistinct substructures. We pay attention to the equilibrium configurations
of such bodies. We consider first rigid bodies with microstructure represented by
means of Q-valued maps from the reference place to the manifold of microstruc-
tural shapes. In that case, just microenergetics appears. Then, we enlarge the stage
considering large strains and energies of Ginzburg–Landau type with respect to the
microstructural descriptor fields. In both cases we provide conditions for semicon-
tinuity of the relevant energies and the existence of ground states.
1. Representation of Material Morphologies: Individuals
in Microstructural Families
To account for the influence of microscopic events on the mechanical be-
havior of deformable bodies, we often find it necessary or appropriate to intro-
duce variables, say ν, describing material features that we believe essential for
the phenomena under analysis. Depending on the spatial scales involved, ν can
refer to a single microstructure or be a sort of average (in some sense) over a
family of microstructures. This is the starting point of the general model build-
ing framework of what we call mechanics of complex materials. Here we want
to enlarge that view by allowing a detailed description of local families of mi-
crostructures made of a given number of unordered elements. The conceptual path
leading us toward the approach that we pursue here is outlined in the rest of this
section.
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1.1. The Traditional Format of a Continuum Mechanic and Its Link
with Atomistic Descriptions
We have a body placed in an environment and we want to describe its macro-
scopic behavior under conditions prescribed by the environment itself. The object of
our sensorial perception—the body, indeed—is an intricate rich crop of entangled
molecules and/or ordered atomic lattices. Its structure develops along a cascade
of spatial characteristic scales and also its evolution may involve even different
temporal scales. The construction of a mechanical model, then, needs the selection
of specific features that we consider essential (the judgement is a priori) for what
we aim to describe.
The traditional setting of continuum mechanics has a minimalistic approach
to the problem (see [61,68,69]). Within that setting, we describe the morphology
of a body (the macroscopic and minute aspects of its geometry) through its gross
shape only, by assigning a fit region B in the Euclidean point space (the dimension
depending on the problem at hand). This way, we consider material points just as
indistinct sets of atoms, sort of black boxes. In fact, we do not introduce information
on the way the matter is arranged at microscopic scales and on the macroscopic
effects of microscopic events. Interactions are defined by the power that they de-
velop in the rate of change of the body shape. Thus, the traditional minimalistic
description allows actions that are power-conjugated just with the crowding and the
shearing of the material elements. Later, in assigning state functions, we take into
account, although indirectly in a sense, at least what we consider to be the main
features of the minute material structure—its inner entanglements—by means of
the constitutive relations: the state functions. A priori restrictions to them emerge
from the second law of the thermodynamics, objectivity and/or covariance require-
ments, and the knowledge of the material symmetries. A foundational question is,
however, the link between information on the atomistic structure of the matter and
the continuum description where constitutive structure has essentially an empirical
ground.
The question has been tackled variously, starting from Cauchy’s interpretation
of the linear-elastic constitutive relations in terms of a lattice of point masses and
springs (see, example [48,65]). For crystalline materials the Cauchy–Born rule [5]
is a key step along this path. Cauchy assumed coincidence betweenmacroscopic and
atomicmovements, while Bornmodified the view presuming that the lattice vectors
of a deformed crystal are the image of those in the reference crystal through the
macroscopic deformation gradient—the characteristic cell of the lattice undergoes
a homogeneous strain. Friesecke and Theil have shown in [25] that for 2D mass-
spring lattices the Cauchy–Born rule is actually a theorem for an open set of model
parameters (equilibrium lengths and spring constants) for all boundary data close
to the identity, while it fails for another open set of parameters—fine scale spatial
oscillations appear in that parameter region in the energy-minimizing configura-
tions. Of course, viewing atoms as simple point masses is an idealization that does
not take into account the atomic structure. One of the possible justifications of that
view has a statistical nature: at zero temperature, the canonical ensemble becomes
a degenerate distribution concentrated at the minimizers of the potential energy.
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Moreover, if we take into account that, in general, elastically deformed states are
just local minimizers of the energy, it is possible to show that the Cauchy–Born rule
is always valid for elastically deformed crystals, provided appropriate choices of
the unit cell (see [16] and [17]). Beyond regular atomic lattices, a counterpart of the
Cauchy–Born rule in terms of velocities, instead of placements, has been proposed
in [3] and seems appropriate for the dynamics of macromolecules, in particular
proteins.
The Cauchy–Born rule is not the sole possible view on the link between dis-
crete and continuum schemes. We can mention the program of finding rigorously
for gases the limit of the Boltzmann equation as the number of colliding particles
tends to infinity. Other views can be built upon the quantum many-body scheme,
which does not include empirical parameters, as a direct continuummodeling com-
monly implies. However, its complexity suggests resorting to approximations. They
can even account for inhomogeneous electron systems. The Thomas–Fermi semi-
classical method—it holds when spatial variations of the de Broglie wavelength
are small—and the use of Slater’s simplification in the Hartree–Fock scheme are
in this optic. The Kohn–Sham theory [34] enlarges the view on the setting; it starts
from a non-local energy but the exchange potential in which all the many-body
effects are included is local and can be considered as the exchange-correlation con-
tribution to the chemical potential. These approaches, however, are not completely
disconnected from the Cauchy–Born view. Under appropriate conditions, in fact,
the Kohn–Sham equation—that is the Euler–Lagrange equation of the Kohn–Sham
functional—has a locally unique solution that can be approximated by using an
extension of the Cauchy–Born rule (the proof is in [18]).
In any event, when we look at lattice schemes—mass points connected by
springs—first neighbor interactions describe at continuum level the Cauchy stress,
while possible second-neighbor interactions are connectedwith hyperstresses, those
appearing in strain-gradient theories.
1.2. Reasons for a Multi-Field Description of the Body Geometry
For classes of materials such as ferroelectrics, quasicrystals, liquid crystals,
polymers etc., the traditional scheme of continuum mechanics appears not prop-
erly satisfactory. These materials, in fact, display behaviors driven by actions that
are not completely described at continuum level by the sole tractions associatedwith
the relative displacement of material points. Paradigmatic examples are the local
alignment of stick molecules in case of liquid crystals, the atomic rearrangements
in quasicrystals, the polarization in ferroelectrics etc. A refined representation of
the material morphology then seems necessary in appropriate cases, in order to take
into account the effects on the macroscopic behavior of phenomena developing at
micro-scales in space. Besides the placement of a body into the ambient space,
we can then consider variables bringing information at macroscopic scales on at
least some features of the material morphology at finer spatial scales (we use the
world microstructure along the paper). Examples are the polarization vector for
ferroelectrics, the degrees of freedom exploited at low scales by the atomic re-
arrangements in quasicrystals (what is collected in the so-called phason field), the
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peculiar direction of stick molecules with head-to-tail symmetry in liquid crystals,
etc. A unified view on the matter foresees that, besides the deformation through
which we reach a placement taken as reference—say B, and other macroscopic
shapes Ba—we have a field, defined over B itself, which takes values on a differ-
entiable manifold M (see [6,37,39,42]) that we call the manifold of microstruc-
tural shapes. The common assumption that M is finite-dimensional is sufficient
to include in the framework, as special cases, models that we know in solid-state
physics (example those for ferroelectrics, magnetoelastic materials, quasicrystals,
elastomers) and also more abstract schemes such as the Cosserat one [10] (called
also micropolar), used for models of beams and shells (among many, see the basic
papers [21] and [62] on the matter, the first one being that opening the application
of Cosserat ideas to the description of the elastic structural elements) or liquid
crystals in smectic order, and the micromorphic one (either considering micros-
train or deformable directors, see [22,29,45]), adopted for polymers or models of
strain-gradient plasticity, which have also been the playground for several analyti-
cal and geometrical investigations (see, example, [11,30,47,51,64]). An exception
is the choice to describe crack paths in a solid by means of Radon measures over
the natural Grassmanian constructed over B, taking into account at every point the
possibility that a crack could occur there along some direction (see [26])—here, in
a sense, the manifold of microstructural shapes is infinite-dimensional.
In any case, however, the representation of the morphology of a body becomes
multi-field and, intrinsically, multi-scale because the additional field taking values
over M transfers at macroscopic scale information on what is the intricate inner
geometry at some finer scale that hosts events influencing, even drastically, the
macroscopic behavior.
The attribution of geometrical structure to M has to be handled with care.
Metric and connection bring with them physical meaning. The metric, in fact, is as-
sociated with the representation of possible microstructural kinetic energy, relative
to the macroscopic motion—there are reasons to foresee such a kind of additional
kinetics, at least in appropriate special circumstances (see [8,44]). The metric, also,
can be associated with a dissipation potential, as in gradient systems. Moreover, a
connection over M is involved in the representation of first-neighbor interactions.
Sometimes a physically significant connection seems to be not available (see [8]).
Hence, we find it convenient to endow M with as skeletal as possible a geometric
structure, unless technical instances impose on us the choice of additional proper-
ties. In this case, however, we have to state clearly the consequent limitations in the
ability to describe physical events.
Since we have chosen M with finite dimension, it could be natural to suggest
embedding into a linear space, with the consequent non-trivial advantages of having
at our disposal the linear algebraic structure. The embedding is always available
by the Whitney theorem [70]. It is even isometric by the Nash theorems in case
M is Riemannian [49,50]. The choice would then save the representation of mi-
crostructural kinetic energy or the dissipation potential when the physics of the
specific phenomenon at hand requires their introduction. However, the embedding
is not unique, so its choice would become a structural ingredient of the modeling
procedure.
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• For this reason, with the aim of furnishing results as general as possible, we
avoid in the sequel to embed M into some linear space, although we shall
restrict ourselves to the case in which M is a smooth, complete, and connected
Riemannian manifold, endowed with its geodesic distance.1
• Moreover, we avoid using definitions based on the choice of an atlas over M
and state just intrinsic properties. The choice of a particular atlas would be
tantamount to selecting a specific observer evalutating the microstructures.
At ν ∈ M, the elements of the tangent space TνM indicate rates—let us write ν˙
for them—of change in the geometric microscopic features represented at a certain
x ∈ B by ν, which is then ν (x). Elements of the cotangent space T ∗ν M express the
power performed in developing microstructural changes, when they are evaluated
over a certain ν˙, they represent the microstructural actions: (1) contact actions of
first-neighbor type exerted between pairs of material points when ν is inhomoge-
neous in space, (2) external bulk actions working directly on the microstructure
(and this is essentially the case of electromagnetic fields on microstructures which
are sensitive to them, such as local polarization or magnetization), (3) microstruc-
tural self-actions. For the last class, the typical example emerges in the case of
ferroelectrics where the polarization at a point generates a local electric field and
a consequent self-action. The emergence of these actions can be also linked with
discrete schemes. For a lattice where we replacemass points with small rigid bodies
and add rotational springs (or, alternatively, we substitute the springs with beams
suffering just elongation and bending), an appropriate use of the Cauchy–Born view
allows us to connect the discrete structure with the Cosserat continuum. Moreover,
when we consider a discrete structure composed of two superposed and connected
lattices, the first made of mass points and springs, the second one by deformable
shells connected by springs, another adaptation of the Cauchy–Born rule allows us
to derive the micromorphic scheme or the continuum with stretchable vectors (see
[42]).
In this view, every material point is no longer representative at macroscopic
scale of an indistinct material element, a sort of black box; rather it is considered
as a system. When we select M, we are assuming implicitly that there is a sort of
homogeneity in the type of microstructure, or better, we are affirming that we want
to account for some specific features of the microstructure everywhere, irrespective
of possible fluctuations.
The system placed at x can be constituted by a number of individual substruc-
tures (an example is the one of liquid crystals for which we imagine that at x there is
a family of stick molecules). The assignment of ν implies then at least some form of
average over the family of substructures within the representative volume element.
Its computation implies in general a number of difficulties, for M is a non-linear
manifold, and the integral of a field taking values over M is in general not defined.
In common cases M itself is chosen to be a sort of manifold of averages. For ex-
ample, in the case of liquid crystals in nematic order, M is naturally selected as the
1 In the dynamic case (not treated here), theRiemannian structurewould imply a quadratic
form for the kinetic microenergy, when it would be available.
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projective plane P2, so ν is just a direction, as the head-to-tail symmetry of the stick
molecules composing liquid crystals imposes. Then, in the standard view, ν (x) is
the prevailing direction along which the molecules in the material element at x tend
to be aligned [19]. However, not always the representation can be considered satis-
factory. The addition to the direction ν, another parameter representing the degree
of orientation may be useful to improve the picture as in [20]. In addition, when
we want to analyze events connected with optical biaxiality, the introduction of the
degree of prolation and the one of triaxiality of the molecular second-moment dis-
tribution is necessary. Beyond liquid crystals, higher moments of the distribution of
microstructures can be useful descriptors of the local state of the matter in the cases
of microcrackedmaterials [40] and for granular assemblies in agitation [7]. Extend-
ing such a view to the general setting of the mechanics of complex materials has
been tentatively pursued along different paths also in [66] and [38], in the latter case
taking into account the possibility of migration of elements of a local family of mi-
crostructures, the one pertaining to thematerial element thatwe imagine placed at x .
1.3. Refined Descriptions: The Point of View Discussed Here
In what follows, we consider the generic material element as a system endowed
with Q ∈ N indistinguishable substructures. Such a system iswhatwe consider here
to be the material microstructure. We take Q ≥ 2, for the case Q = 1 corresponds
to the original format of the mechanics of complex materials (for the pertinent
existence theorem for the minimizers of the energy in this case see [41], while
for the existence theorems in the case of simple bodies undergoing finite strains
see [4,27].
The manifold of microstructural shapes M contains descriptors of each single
element of the microstructural family. The microstructural descriptors are then
manifold Q-valued maps, that is maps taking Q ∈ N unordered values over M.
Such a choice marks a difference with previous works on the mechanics of complex
materials.
We restrict our attention to the elastic setting and assign to complex bodies
described as above an energy depending on the deformation gradient, the Q-valued
microstructural descriptor field and its derivative (intended as we specify below).
For such an energy we are essentially interested in finding properties of semicon-
tinuity and existence of ground states in two circumstances:
(1) materials with rigid macroscopic behavior and microscopic energetics, and
(2) elastic complex materials with decomposed energies being the sum of a part
depending on x , ν, and the spatial derivative of the macroscopic deformation,
and a part of which is quadratic with respect to the derivative of the Q-valued
map.
1.4. Examples
The framework that we propose can be applied in principle to several specific
circumstances.
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• In [24], Friesecke and James proposed a scheme for the passage from atomistic
to continuum descriptions, having in mind primarily thin films, in particular,
single crystal films with m monolayers. Their scheme determines a continuum
description in which the basic kinematic ingredients are a displacement field
depending on the coordinates on the middle surface of the film and m − 1
out-of-plane (or out-of-surface) vectors depending on the same coordinates (a
rigorous treatment of it is in [59]; see also [57,58,60]). At a first glance, the
approach that we propose here is not pertinent to that view, for the sequence of
layers is prescribed.However, it becomes pertinent ifwe consider a (planar) thin
film made of a solid mixture. In the standard theory of mixtures (see Lecture 5
in [67]), we commonly presume the contemporary presence of all constituents
at every point of the domain occupied by the body. Hence, we can imagine
constructing an ideal thin film made of a solid mixture by superposing layers
composed by selecting each time a different component at each point. In the
scheme above, then, we always havem−1 out-of-plane vectors at every point,
each vector corresponding to the layer of a component, but their sequence is
not fixed, rather the order in the vector sets attributed to points in the film plane
differs by permutation from point to point. In contrast, avoiding the possible
permutations, we should not account for the component mixing in the mixture.
• Consider a body made of linear polymers that can suffer polarization and are
scattered in a matrix (no matter whether it is solid or fluid). Take a representa-
tive volume element as a region including Q polymers. The descriptor of the
single α-th molecule is the pair να := (ξα, μα), α = 1, . . . , Q, where ξα is a
head-to-tail vector and μα the polarization of the molecule. This way, M is the
product manifold R3 × Br , where Br is in R3 the ball of radius r , and r is the
maximum admissible polarization for the polymers at hand. Considering ν as
a Q-valued map would in this case allow one to account for local fluctuations
of the polarization. They would be neglected if we considered for the represen-
tative volume element the mean polarization alone. Whether such fluctuations
are significant depends on the specific case analyzed.
The second example above is a model choice in essence, while the first one is
more intrinsic because so is the mixing of the components in a mixture. In fact,
in using Q-valued descriptors of the material microstructure, since the values are
determined modulo permutations, we are not superposing the description of Q
microstructures. The elements of the representation in terms of Q-valued maps
are, in contrast, strongly coupled. By looking at atomistic descriptions, we mention
that the Stillinger–Weber potential for covalently bonded systems is made by two
terms plus permutations of the second one (see, for example, [63]). It is an open
problem—at least to us—whether the continuum limit of an appropriate discrete
scheme including interactions following the Stillinger–Weber potential could lead
to some version of what we propose here.
1.5. Structure of the Paper
We start off in Section 2 by settling the notations and definitions of metric
space valued Sobolev maps, considering in particular M-valued, M a manifold,
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and AQ(M)-valued maps in Sections 2.2 and 2.3, respectively. Various approxi-
mate differentiability properties of AQ(M)-valued maps are investigated in Sec-
tion 3. Thanks to those properties we define and study the lower semicontinuity
of energies in the model case of rigid bodies with microstructures in Section 4
(see Theorem 4.3). The existence of ground states in the elastic case is addressed
in Section 5 (see Theorem 5.2). Eventually, in Appendix A, we prove a technical
lemma instrumental for our approach.
2. Function Spaces
Throughout the paper,B will always be a bounded, open subset of the Euclidean
space Rm endowed with canonical basis e1, . . . , em , a set that coincides with the
interior of its closure. B is the reference place for the body under scrutiny. On B
we define two types of maps: (1) the deformation u, and (2) the morphological
descriptor field ν bringing information at macroscopic scale on the microscopic
architecture of the matter. As already mentioned, the field ν takes Q ∈ N values
over M, each defined to within permutations.
The choice of functional classes for these types ofmaps has a constitutive nature.
Roughly speaking, to belong to a space, a map should have properties; they bring
with them physical meaning for they allow for the description of some aspects of
the physical phenomena they are referring to, and exclude others.
Here, we first discuss the case of rigid bodies endowed with active microstruc-
ture (the adjective active meaning that the microstructural changes contribute to the
energetic landscape) composed by Q ∈ N unordered substructures in every mater-
ial element. For these bodies we consider just microenergetics. We shall speak then
about metric space valued, manifold valued andmultiple valued Sobolev functions.
In what follows the letter C will denote generically a positive constant, it being
understood that its meaning might change from line to line. The parameters on
which each constant C depends will be explicitly highlighted.
2.1. Metric Space Valued Sobolev Maps
Let (X, d) be a complete, separable and locally compact metric space—the
metric is indicated by d. Different definitions of weakly differentiable functions
with values in a metric space have been proposed in the literature (see, example,
[2,33,35,54]). In the case of metric spaces with the properties above, all such
definitions give rise to the same space of functions (see [9]). For our purposes,
the most convenient definition is the one proposed in [2] and then generalized in
[54–56].
Definition 2.1. For p ∈ [1,+∞], we say that a map ν belongs to W 1,p(B, X) if
there exists h ∈ L p(B) such that, for every ν0 ∈ X ,
(i) the real valued function x → d(ν(x), ν0) is W 1,p(B);
(ii) and the distributional gradient satisfies |D(d(ν(·), ν0)
)| ≤ h(·) Lm-almost
everywhere in B.
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Remark 2.2. Maps ν ∈ W 1,p(B, X) are stable under composition with Lipschitz
functions ϕ : (X, d) → Rk , that is ϕ ◦ν ∈ W 1,p(B,Rk) and |D(ϕ ◦u)| ≤ Lip(ϕ) h
(see, for example, [54]).
Loosely speaking, in such a general framework, only the definition of modulus
of the gradient is possible. By following [2] (see also [9,36,56]), in the previous
definition of W 1,p(B, X), we are interested in finding the smallest function h for
which the requirement (ii) above is fulfilled. Such a function is realized by fixing
a dense and denumerable set {νi }i∈N in X and setting
|Dν| := sup
i∈N
∣∣∣D
(
d(ν(·), νi )
)∣∣∣. (2.1)
On the other hand, in case (X, d) it is either a smooth, complete and connected
Riemannian manifold endowed with its geodesic distance (M, dM), or the corre-
sponding space of Q-valued maps (AQ(M),GM) (see below for the definition),
an approximate differential can be introduced Lm-almost everywhere on B by ex-
ploiting the linear structure of the tangent bundle to M.
Before doing this, we recall the definition of weak convergence in W 1,p(B, X).
Definition 2.3. For p ∈ [1,∞] and ν ∈ W 1,p(B, X), a sequence {νk}k∈N ∈
W 1,p(B, X) converges weakly to ν for k → ∞ in W 1,p(B, X)—and we write
νk ⇀ ν in this case—if
(i) ‖d(νk, ν)‖L p(B) → 0 as k → ∞;
(ii) supk ‖|Dνk |‖L p(B) < ∞;
(iii) in case p = 1, (|Dνk |)k∈N is equi-integrable.2
2.2. Manifold Constrained Sobolev Maps
In the general model building framework in which we describe microstructures
in complex materials, we need to define spaces of maps taking values on a manifold
M. To establish the relevant definitions, we shall use previous concepts but we need
also to recall some standard notions and results in Riemannian geometry (the reader
can refer to [15] for further details).
In what follows, M is used to indicate in short (Mn, g), a connected, n-
dimensional, complete, Ck Riemannian manifold with k ≥ 2. It is understood
that M satisfies Hausdorff and countable basis axioms. Since M is assumed al-
ways to be complete—it means that the exponential map expν is defined for every
ν ∈ M—by Hopf–Rinow’s theorem, M and its geodesic distance dM constitute
a complete metric space.
For ν ∈ M we shall denote with Br (ν) ⊆ M the open ball of radius r , defined
with respect to the metric dM. With a slight abuse of notation, the Euclidean
ball in Rm , centered at x , with radius r > 0, will be denoted also by Br (x) ,
2 This definition has been introduced in [14, Definition 1.3], where condition (iii) was
erroneously forgotten—although implicitly used in the proofs.
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and the m-dimensional Euclidean cube with side r and center x by Cr (x), that
is Cr (x) := x + [− r2 , r2 ]m ⊂ Rm .
As usual, TM denotes the tangent bundle: points of TM are couples (ν, v),
where ν is in M and v is a tangent vector to M at ν, namely v ∈ TνM. In addition,
we consider the vector bundle with base space M and total space the one of linear
homomorphisms H
(
R
m, TM) := ∪ν∈MHom(Rm, TνM), the points of which are
couples (ν, A) with ν in M and A : Rm → TνM a linear map. For this bundle,
π : H(Rm, TM) → M is the projection map over M.
With fixed ν in M, Hom(Rm, TνM) can be identified with (TνM)m through
the identification
A  (v1, . . . , vm) with vi = A ei ∈ TνM, for i = 1, . . . ,m.
Since in the followingwe shall consider continuous functionals on such bundles,
we specify that we endow TM with the induced Riemannian metric (see, for
instance, [15, Chapter 3, exercise 2]). For (p, v), (q,w) ∈ TM, and γ (t), a path—
t the parameter defining it—which connects p and q, the distance dTM
(
(p, v),
(q,w)
)
between the two elements of M is given by
dTM
(
(p, v), (q,w)
) := inf
ϑ=(γ,Y )
ˆ 1
0
√
|γ˙ (t)|2g(γ (t)) + |∇γ˙ (t)Y (t)|2g(γ (t)) dt,
where the infimum is taken among all smooth curves
[0, 1]  t → ϑ(t) = (γ (t),Y (t)) ∈ TM,
such that ϑ(0) = (p, v) and ϑ(1) = (q,w). Above, ∇ indicates Levi–Civita
connection.
With thismetric at our disposal,we define ametric structure on∪ν∈MHom(Rm,
TνM) simply specifying the distance
D
(
(p, A), (q, B)
) :=
√√√
√
m∑
i=1
dTM
(
(p, vi ), (q,wi )
)2
, (2.2)
where A  (v1, . . . , vm) and B  (w1, . . . ,wm) with the above identification.
Being arbitrary, such a choice is equivalent to any reasonable metric which is
compatible with the one on TM in the case m = 1.
An approximate differentiability property has been established in [23, Corollary
0.3].
Proposition 2.4. Every map ν ∈ W 1,p(B,M) is approximately differentiable Lm-
almost everywhere on B, that is for Lm-almost everywhere x0 ∈ B, there exists a
unique linear map dνx0 : Rm → Tν(x0)M such that, for all ε > 0,
lim
r→0+
r−mLm
( {
x ∈Cr (x0) : dM
(
ν(x), expν(x0)(dνx0(x−x0))
)≥ε |x−x0|
} )=0.
(2.3)
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It is possible to prove that for some dimensional constant Cm > 0
C−1m ‖dνx‖g(ν(x)) ≤ |Dν|(x) ≤ Cm‖dνx‖g(ν(x)) Lmalmost everywhere in B,
where |Dν| is the norm of the differential defined in the metric setting (cp. with
(2.1)) and ‖ · ‖g(ν(x)) denotes the operatorial norm of dνx , namely
‖dνx‖g(ν(x)) := sup
v∈Rm , |v|=1
∣∣dνx (v)
∣∣
g(ν(x)),
with | · |g(ν) the norm in TνM induced by the metric g (see [23, Remark 1.7]).
The metric definition of Sobolev maps coincides with the extrinsic one obtained by
means of an isometric embedding i : M → RN . The corresponding differentials
are related by a chain rule formula (see [23, Remark 0.4]).
2.3. Multiple Valued Sobolev Maps
With the expression in the title of this section we mean maps valued in the
complete metric space of unordered sets of Q points in M. This notion has been
introduced byAlmgren [1] in connection with the regularity theory of minimizing
surfaces. It has been also revisited and exploited in different contexts (see [13,14]
for a more detailed bibliography on the subject).
Definition 2.5. We denote by (AQ(M),GM) the metric space of unordered Q-
tuples of points in M given by
AQ(M) :=
⎧
⎨
⎩
Q∑
i=1
Pi  : Pi ∈ M for every i = 1, . . . , Q
⎫
⎬
⎭
,
where Pi  denotes the Dirac mass in Pi ∈ M and
GM(T1, T2) := min
π∈PQ
√∑
i
d2M(Pi , Sπ(i)),
with T1 = ∑i Pi  and T2 =
∑
i Si  ∈ AQ(M), and PQ denotes the group of
permutations of {1, . . . , Q}.
In case some, say k, Pi j ’s are all equal to some P0; with a slight abuse of notation
we shall write k P0 for
∑k
j=1 P0. Continuous, Hölder, Lipschitz and Lebesgue
measurable maps from B into AQ(M) are defined in the usual way, while Sobolev
maps are defined according to Definition 2.1. 3
3 In [31], finitelymanyDiracmeasures have been used for describing the evolution of lam-
inates. There, however, derivatives are avoided and fractional Sobolev norms are exploited
to determine compactness using difference quotients.
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Due to the fact that the values are not ordered, for a map ν taking values in
AQ(M), the existence of selections, that are functions νi : B → M, i = 1, . . . , Q,
with the same regularity and
ν(x) =
∑
i
νi (x) ,
fails in general. An exception is discussed in [13, Proposition 0.4] for measurable
selections. By means of the latter, we prove here a selection lemma for L p maps.
Lemma 2.6. Let ξ and ν be in L p(B,AQ(M)), p ∈ [1,∞[. There exist selections
of ξ and ν in L p(B,M) such that
ˆ
B
G pM(ξ, ν) dx =
ˆ
B
(
∑
i
d2M(ξi , νi ))
)p/2
dx .
Proof. [13, Proposition 0.4] ensures that there exist measurable selections ξ1, . . . ,
ξQ for ξ and ν1, . . . , νQ for ν. For every π ∈ PQ consider the set
Bπ =
{
x ∈ B :
∑
i
d2M
(
ξπ(i)(x), νi (x)
) ≤ G2M(ξ(x), ν(x))
}
.
Clearly Bπ is measurable and Lm(B\ ∪π Bπ ) = 0. Set
ξ˜i (x) = ξπ(i)(x) if x ∈ Bπ , π ∈ PQ,
then ξ˜1, . . . , ξ˜Q is a L p(B,MQ) selection of ξ and the thesis follows. unionsq
3. Differentiability of AQ(M)-Valued Maps
As for classical M-valued and AQ-valued Sobolev maps, a feature of Sobolev
AQ(M)-valued functions is the existence of an approximate differential almost
everywhere.
Definition 3.1. Let ν ∈ W 1,p(B,AQ(M)), p ∈ [1,∞[, x0 ∈ B be a Lebesgue
point for ν and ν(x0) = ∑Qi=1 νi (x0). We say that ν is approximately differen-
tiable at x0 if there exist linear maps Li : Rm → Tνi (x0)M, i = 1, . . . ,m, such
that Li = L j if νi (x0) = ν j (x0), and, for all ε > 0, it holds
lim
r→0+
r−mLm
( {
x ∈ Cr (x0) : GM
(
ν(x), Tx0ν(x)
) ≥ ε|x − x0|
} ) = 0, (3.1)
with
Tx0ν(x) :=
Q∑
i=1

expνi (x0)(Li (x − x0))

.
When defined, the linear maps Li are unique; in such a case we shall denote
them respectively by (dνi )x0 . This way the first-order approximation Tx0ν is then
unambiguously determined.
Below we show that multiple valued Sobolev maps with target a manifold
are almost everywhere approximately differentiable and satisfy a L p-approximate
differentiability estimate.
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3.1. Approximate Differentiability
Proposition 3.2. Every map ν ∈ W 1,p(B,AQ(M)) is approximately differen-
tiable Lm-almost everywhere on B.
We follow the proof of Rademacher’s theorem for AQ(Rn) maps in
[13, Theorem 1.13], despite the fact that in the current setting no extension theorem
for Lipschitz maps is in general available. Moreover, as discussed in the introduc-
tion, we alwaysworkwith the abstract definition ofmanifoldM, without exploiting
any isometric embedding on a linear space.
We start by showing that Lipschitz multiple valued maps are approximately
differentiable almost everywhere.
Proposition 3.3. Let B ⊆ Rm be a Borel set and ν : B → AQ(M) be Lipschitz.
Then, ν is approximately differentiable Lm almost everywhere on B.
Proof. We prove the result by induction on Q. We first notice that the case Q = 1,
that is when ν : B → M is a Lipschitz map, follows by (an inspection of) the
proof of [23, Corollary 0.3].
Next, we assume the result to be true for 1 ≤ Q < Q∗ and prove its validity for
Q∗. To this end, consider a measurable selection of ν , that is ν(x) = ∑Q∗i=1 νi (x),
and set
B˜ := {x ∈ B : ν(x) = Q ν1(x)
}
.
We argue differently for B\B˜ and B˜.
Given a point x0 ∈ B\B˜, we may find a neighborhood U of x0 and Lipschitz
functions νK : B ∩ U → AK (M), νH : B ∩ U ∈ AH (M) such that ν(x) =
νK (x)+ νH (x) on B ∩U (see [13, Proposition 1.6]). By inductive hypothesis,
the map ν is then differentiable almost everywhere in U .
On B˜, we claim that ν is approximately differentiable if x0 ∈ B˜ is a point of
density one and ν1 is approximately differentiable at x0 (both conditions satisfied
almost everywhere in B˜). In this case, the linear approximation is given by
Tx0ν(x) = Q

expν1(x0) (dν1)x0 (x − x0)

.
In fact, fix γ ∈ (0, 1) and take x ∈ B\B˜, r = |x − x0| and x∗ ∈ B˜ ∩ B2 r (x0)
satisfying |x − x∗| < (1+ γ ) d(x, B˜ ∩ B2 r (x0)). Then, we find a positive constant
C = C(Q, ν1(x0),Lip(ν1),M) such that
GM(ν(x), Tx0ν(x))≤GM(ν(x), ν(x∗)) + GM(ν(x∗), Tx0ν(x∗))
+GM(Tx0ν(x∗), Tx0ν(x))
≤C |x − x∗|+GM
(
Q ν1(x
∗) , Q

expν1(x0)(dν1)x0(x
∗−x0)
)
≤C |x − x∗| + Q dM(ν1(x∗), expν1(x0)(dν1)x0(x∗ − x0))
≤C |x − x∗| + o(|x∗ − x0|).
Since |x∗ − x0| ≤ 2 r = 2 |x − x0|, to conclude it suffices to show that |x − x∗| =
o(|x − x0|) as x → x0. By construction
Bρ(x) ⊆ B2 r (x0) and Bρ(x) ∩ B˜ = ∅, with ρ := |x
∗ − x |
1 + γ .
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In turn, the inequality Lm(Bρ(x)) ≤ Lm(B2 r (x0)\B˜) is implied. Eventually, by
taking into account that B˜ has density one in x0, we infer property |x∗ − x | =
o(|x − x0|) as x → x0 from
lim sup
r→0+
r−mρm ≤ lim sup
r→0+
r−mLm(B2 r (x0
)\B˜) = 0.
unionsq
The approximate differentiability property for AQ(M)-valued Sobolev maps
is now a straightforward consequence of Proposition 3.3 and the following lemma.
Lemma 3.4. Let ν be in W 1,p(B,AQ(M)), p ∈ [1,+∞]. Then, there exists an in-
creasing family of compactly supported Borel setsBλ ⊆ B such thatLm(B\Bλ) →
0 as λ ↑ ∞ and ν|Bλ is Lipschitz continuous.
The proof of the lemma is an application of standard arguments for the maximal
functionoperator (see, example, [23,Lemma1.1]).We leave the details to the reader.
3.2. L p-Approximate Differentiability
A more refined differentiability result can be proven: the approximate differen-
tiability property holds in the stronger sense of integral averages rather than only
for the measure of superlevel sets.
As above, we prove first it for Lipschitz functions.
Proposition 3.5. Take ν ∈ Lip(B,AQ(M)) and p ∈ [1,∞[. Then, for Lm-almost
everywhere x0 ∈ B we get
lim
r→0
 
Cr (x0)
G pM
(
ν(x), Tx0ν(x)
)
|x − x0|p dx = 0. (3.2)
Proof. Consider the family of real valued functions {wx }x∈B,withwx := GM (ν(·),
Txν(·)). Clearly wx is Lipschitz continuous on B for all x , and moreover, for Lm
almost everywhere point x ∈ B, the function wx turns out to be approximately
differentiable at x with wx (x) = 0 and |Dwx (x)| = 0 by Proposition 3.2 and
Equation (3.1) in Definition 3.1.
Fix a point x0 for which Proposition 3.2 applies, and denote by Ir (x0) the
integral on the left hand side in (3.2) and by Lx0 the Lipschitz constant of wx0 .
Since wx0 is positive and wx0(x0) = 0, we obtain
Ir (x0)=r−m
(ˆ
{x∈Cr (x0):wx0 (x)≥ε|x−x0|}
+
ˆ
{x∈Cr (x0):wx0 (x)<ε|x−x0|}
)
w
p
x0(x)
|x−x0|p dx
≤ L px0 r−m Lm
({x ∈ Cr (x0) : wx0(x) ≥ ε|x − x0|}
) + ε p
=o(1) + ε p as r ↓ 0+.
The conclusion then follows by letting first r ↓ 0+ and then ε ↓ 0+. unionsq
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To extend the previous statement to Sobolev Q-valued maps we need a char-
acterization of standard Sobolev functions in terms of the corresponding maximal
function of (the modulus of) the gradient. This characterization has been employed
to define Sobolev mappings on metric measure spaces. Actually, we shall exploit
only the sufficiency part of such a result.
In what follows, given w ∈ W 1,p(B), B an extension domain, by m(|Dw|) we
denote the maximal function of the gradient of an extension of w to an open set
B′ ⊃⊃ B (see [32, Theorem 1]).
Theorem 3.6. LetB be a bounded domain with the extension property. There exists
a constant C = C(B) > 0 such that if w ∈ W 1,p(B), p ∈ [1,∞[, then
|w(x) − w(x0)| ≤ C
(
m(|Dw|)(x) + m(|Dw|)(x0)
)|x − x0|, (3.3)
for all x and x0 Lebesgue points of w.
We can now prove the L p-differentiability for any Sobolev function.
Proposition 3.7. Let ν ∈ W 1,p(B,AQ(M)), with p > 1. Then, for Lm-almost
everywhere x0 ∈ B, we get
lim
r→0
 
Cr (x0)
G pM
(
ν(x), Tx0ν(x)
)
|x − x0|p dx = 0. (3.4)
Proof. Consider the family {wx }x∈B, with wx := GM (ν(·), Txν(·)). Then, Corol-
laries 1 and 2 in [54] and Proposition 3.2 imply that forLm almost everywhere point
x ∈ B each map wx is in the standard Sobolev space W 1,p(B), x is a Lebesgue
point for wx , and wx is approximately differentiable at x with wx (x) = 0 and
|Dwx (x)| = 0.
We then select points x0 in B satisfying the following requirements:
(i) x0 ∈ ∪iBλi , Bλi being the sets in Lemma 3.4 with λi ↓ 0+, and actually x0 is
of density one for some Bλi (and then for all Bλk for k ≥ i);
(ii) ifwx0 ∈ W 1,p(B),wx0 is approximately differentiable at x0, withwx0(x0) = 0
and |Dwx0(x0)| = 0;
(iii) x0 is a p-Lebesgue point for ν, |Dν| and for m(|Dν|)χB\Bλi for all i ∈ N.
The points satisfying the previous requirements constitute a set of full measure
in B.
Since w|Bλi is Lipschitz continuous, by arguing as in Proposition 3.5, to get the
conclusion it suffices to show that
lim sup
r→0
 
Cr (x0)\Bλi
w
p
x0(x)
|x − x0|p dx = 0. (3.5)
Let us now show that under the conditions above x0 is actually a p -Lebesgue point
for wx0 , that is
lim
r↓0
 
Cr (x0)
|wx0(x)|pdx = 0.
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Indeed, we have
lim sup
r↓0
 
Cr (x0)
|wx0(x)|p
≤ 2p−1 lim sup
r↓0
 
Cr (x0)
(
G pM(ν(x), ν(x0)) + G pM(ν(x0), Tx0ν(x))
)
= 0,
since x0 is a p-Lebesgue point of ν, and Tx0ν is a Lipschitz map.
Then, note that |Dwx0(x)| ≤ C |Dν|(x) + C |Dν|(x0) for Lm almost every-
where x ∈ B. By applying (3.3) to any Lebesgue point of wx0 in Cr (x0)\Bλi , we
get by item (iii) above
lim sup
r↓0
 
Cr (x0)\Bλi
w
p
x0(x)
|x − x0|p dx
≤ C lim sup
r↓0
 
Cr (x0)
(
mp(|Dwx0 |)(x) + mp(|Dwx0 |)(x0)
)
χB\Bλi (x) dx
≤ C lim sup
r↓0
 
Cr (x0)
(
mp(|Dν|)(x) + |Dν|p(x0)
)
χB\Bλi (x) dx = 0.
unionsq
For ν ∈ W 1,p(B,AQ(M)) and Lm almost everywhere x ∈ B, we set
‖dν‖pg(ν(x)) :=
Q∑
i=1
|(dνi )x |pg(νi (x)) (3.6)
and
‖dν‖pp :=
ˆ
B
‖dν‖pg(ν(x)) dx < +∞ (3.7)
4. Quasiconvexity and Lower Semicontinuity: The Rigid Case
Let B ⊂ Rm be a bounded open set. By following [14], we say that a measur-
able map eM : B ×
(
H(Rm, TM))Q → [0,+∞) is a Q-integrand if, for every
permutation π of {1, . . . , Q}, we get
eM
(
x, ν1, . . . , νQ, N1, . . . , NQ
) = eM
(
x, νπ(1), . . . , νπ(Q), Nπ(1), . . . , Nπ(Q)
)
,
(4.1)
where (νi , Ni ) ∈ H
(
R
m, TM) for each i .
Given any Sobolev Q-valued function ν, the expression
eM (x, ν(x), dνx ) = eM (x, ν1(x), . . . , νQ(x), (dν1)x , . . . , (dνQ)x )
is well defined almost everywhere in B. We choose eM as the integrand of micro-
scopic energy of a rigid body with microstructure that we call active, imagining
that it may have changes in the energy landscape, induced by external agencies,
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such as electric fields. We write E(ν) for such a microscopic energy which is then
defined by
E(ν) =
ˆ
B
eM
(
x, ν(x), (dν)x
)
dx . (4.2)
For E(ν) we assume quasiconvexity as constitutive prescription, a choice that
we should take with care in case the body under scrutiny would undergo finite
strain, because quasi-convexity with respect to the deformation gradient would not
allow us to assure the orientation preserving nature of the macroscopic deforma-
tions minimizing, together with the microstructural descriptor fields, the energy
pertaining to that case.
An extension of the notion of quasi-convexity to the case of multiple valued
functions with values on a manifold can be proposed (see [14] for the flat case).
Definition 4.1 (Quasi-convexity). Let eM :
(
H(Rm, TM))Q → R be a locally
bounded Q-integrand. We say that eM is quasi-convex if for every
(i) affine Q-valued function ν : Rm → AQ(M) given by ν(x) = ∑Jj=1 q j
expν¯ j (L j x)

, with ν¯i = ν¯ j ∈ M for i = j , and L j ∈ Hom
(
R
m, Tν¯ j (M)
)
,
(ii) and collection of maps w j ∈ W 1,∞(C1,Aq j (Tν¯ j M)) with w j |∂C1 = q j
L j |∂C1,
the inequality
eM
(
ν(0), (dν)0
) ≤
ˆ
C1
eM
(
ν¯1, . . . , ν¯1︸ ︷︷ ︸
q1
, . . . , ν¯J , . . . , ν¯J︸ ︷︷ ︸
qJ
, dw1x , . . . , dw
J
x
)
dx
(4.3)
holds, where, as usual, we identify the tangent space T
w
j
i (x)
(Tν¯ j M) with Tν¯ j M
itself.
Definition 4.1 generalizes intuitively the notion of quasi-convexity introduced by
Morrey (see [46]). A few remarks are in order.
Remark 4.2. Notice that even in the case of manifold valued maps, corresponding
to Q = 1, some care has to be used as the integrand f is defined on the bundle
H(Rm, TM). More precisely, with a fixed base point ν¯ ∈ M and a corresponding
affine map as in item (i) above, only variations with values in Tν¯M are allowed
(cp. [23, Definition 0.5]). In addition, for Q > 1 the local structure of the given
affine Q-valued map has to be taken into account as summation is not defined for
Q-points in general.
Let us also emphasize that the definition above is stated in intrinsic terms fol-
lowing the contributions in [14] and [23] for similar problems. Alternatively, one
can use local charts (cp. [12, Section 2] for the case Q = 1).
Explicit examples of quasi-convex and polyconvex energies in the case of inte-
grands defined on AQ(Rn×m)-valued maps are discussed in [14, Proposition 3.3].
Thus, an isometric embedding of the manifold M into some Euclidean space pro-
vides non-trivial examples of quasi-convex integrands in our setting.
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It is a classical result by Morrey (see [46]) that quasi-convexity characterizes
sequentially lower semicontinuous functionals in Sobolev spaces. The main result
here is to show that such a property holds also for AQ(M)-valued maps.
Theorem 4.3. Let p ∈ [1,∞[ and eM : B×
(
H(Rm, TM))Q → R be a continuous
Q-integrand. If eM (x, ·, ·) is quasiconvex for every x ∈ B and
0≤eM (x, ν, N ) ≤ C
⎛
⎝1+GqM(ν, ν0)+
Q∑
i=1
|Ni |pg(νi )
⎞
⎠ for some constant C>0,
where q = 0 if p > m, q = p∗ if p < m and q ≥ 1 is any exponent if p = m, then
the functional E in (4.2) is weakly lower semicontinuous in W 1,p(B,AQ(M)).
Conversely, if E is weakly−∗ lower semicontinuous in W 1,∞(B,AQ(M)), then
eM (x, ·, ·) is quasiconvex for every x ∈ B.
The proof of Theorem 4.3 is provided below. For it, we follow the intrinsic
approach developed in [14] and [23]. We avoid any embedding of the manifold M
into a linear space for the reasons underlined in the introduction.
4.1. Necessity of Quasiconvexity
Here we show that if E is weakly−∗ lower semicontinuous in W 1,∞(B,AQ
(M)), then eM (x, ·, ·) is quasiconvex for every x ∈ B.
To this aim, let ν and w j be as in (i) and (ii) of Definition 4.1. We consider the
functions z j : C1 → Aq j (Tν¯ j M) given by
z j (x) :=
q j∑
i=1

w
j
i (x) − L j x

.
By (ii) we get z j |∂C1 ≡ q j 0. Therefore, there is no loss of generality in assuming
that z j is defined in the entire space Rm by a C1-periodic extension.
Let now x0 ∈ B be fixed. For every r ∈ (0, dist(x0, ∂B)) and k ∈ N, we
consider the functions uk,r : B → AQ(M) given by
uk,r (x) :=
⎧
⎪⎪⎨
⎪⎪⎩
J∑
j=1
q j∑
i=1

expν¯ j
(
L j x + r
k
z ji
(
k (x − x0)
r
))	
for x ∈ Cr (x0),
ν(x) for x ∈ B\Cr (x0).
The following two conclusions hold: for every fixed r ∈ (0, dist(x0, ∂B)),
uk,r → ν in L∞(B) as k → +∞,
‖|Duk,r |‖L∞(B) ≤ C
J∑
j=1
(|L j | + r C ‖Dz j‖L∞(B)
)
.
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The results imply that uk,r
∗
⇀ν in W 1,∞(B,AQ(M)). Therefore, by assumption
of semicontinuity we infer that
E(ν,Cr (x0)
) ≤ lim inf
k→+∞ E
(
uk,r ,Cr (x0)
)
. (4.4)
We pass now to estimate the two sides of (4.4) separately. For what concerns
the left hand side, it is simple to see that, by the continuity of the integrand, we
have
lim
r→0 r
−m E(ν,Cr (x0)
) = eM
(
ν(x0), (dν)x0
)
. (4.5)
The right hand side of (4.4) can be estimated by using a change of coordinates and
the chain rule for multiple valued functions as proven in [13, Proposition 1.12]. So,
we get
r−m E(uk,r ,Cr (x0)) =
ˆ
C1
eM
(
x0 + r y, expν¯ j
(
r L j y + r
k
z ji (k y)
)
, . . .
. . . , (d expν¯ j )r L j y+ rk z ji (k y)
◦ (L j + Dz ji (ky))
)
dy
=
ˆ
C1
eM
(
ν¯1, . . . , ν¯1︸ ︷︷ ︸
q1
, . . . , ν¯J , . . . , ν¯J︸ ︷︷ ︸
qJ
, (dw1)y,
. . . , (dw J )y
)
dy + ω(r), (4.6)
wherewe have used the periodicity of z j , andwehave noticed thatω(r) is amodulus
of continuity (uniform in k), which is clearly infinitesimal as r → 0, because all
the functions involved are continuous and (d expν¯ j )0 = Id .
By (4.5) and (4.6), taking the limit as r → 0 in (4.4), we get (4.3), thus showing
the quasiconvexity of the integrand.
4.2. Sufficiency of Quasiconvexity
Here,we assumequasiconvexity of eM (x, ·, ·) for every x ∈ B and prove that the
functional E in (4.2) is then weakly lower semicontinuous on W 1,p(B,AQ(M)).
We want to prove that, given νk⇀ν,
E(ν) ≤ lim inf
k→∞ E(νk).
Without loss of generality (up to extracting a subsequence which will never
be renamed in the sequel) we assume that the inferior limit above is in fact a limit.
Moreover, in view of the growth hypothesis on eM , we can assume that there exists
a finite positive measure μ on B such that
eM (x, νk(x), (dνk)x )Lm B ∗⇀μ.
Hence, it suffices to show that
eM (x, ν(x), dνx ) ≤ dμ
dLm
(
x
)
for Lm-almost everywhere x ∈ B. (4.7)
According to Lemma A.1 in [23], without relabeling the subsequence, there
exist sets Bl , l ∈ N, such that
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(i) Bl ⊆ Bl+1 for every l ∈ N,
(ii) Lm(B\Bl) = o(1) as l ↑ ∞,
(iii) ((G pM(ν0, νk(x)) + ‖d(νk)x‖pg(νk (x)))χBl )k∈N is equi-integrable uniformly in
l ∈ N, that is there exists a superlinear function ϕ such that, for all l ∈ N,
sup
k∈N
ˆ
Bl
ϕ
(
G pM(ν0, νk(x)) + ‖d(νk)x‖pg(νk (x))
)
dx < +∞,
for some ν0 ∈ AQ(M).
Therefore, for every l ∈ N, up to subsequences, we may assume the existence
of a positive measure μl on B such that
ϕ
(
G pM(ν0, νk(x)) + ‖d(νk)x‖pg(νk (x))
)
χBl (x)Lm B
∗
⇀μl .
Finally, from the equi-boundedness supk ‖dνk‖p < +∞ , we assume that there
exists a measure μ˜ such that
‖d(νk)x‖g(νk (x)) Lm B
∗
⇀μ˜.
We are now able to specify the points x for which we prove inequality (4.7),
that is the subset B′l of points x ∈ Bl such that
(a) the function ν is L p-differentiable in x according to (3.4);
(b) Bl has density one in x ;
(c)
dμ
dLm
(
x
)
+ dμl
dLm
(
x
)
+ dμ˜
dLm
(
x
)
< +∞.
Clearly Lm(Bl\B′l) = 0, so that B′ := ∪lB′l is a set of full measure in B. We
shall prove that inequality (4.7) is satisfied by all points belonging to B′.
To this aim we modify the sequence (νk)k∈N in two steps.
4.2.1. Truncation We fix l ∈ N and a point x0 ∈ B′l , and choose radii ρk → 0
such that
μ(∂Cρk (x0)) = μl(∂Cρk (x0)) = μ˜(∂Cρk (x0)) = 0.
By item (c), we can extract a further subsequence (as usual not renamed) such that
 
Cρk (x0)
G pM(νk(x), ν(x)) dx = o(ρ pk ), (4.8)
lim
k↑∞
 
Cρk (x0)
eM (x, νk(x), d(νk)x ) dx = dμ
dLm
(
x0
)
< +∞. (4.9)
sup
k
ρ−mk
ˆ
Cρk (x0)∩Bl
ϕ
(
G pM(ν0, νk(x)) + ‖d(νk)x‖pg(νk (x))
)
dx < +∞,
(4.10)
sup
k
 
Cρk (x0)
‖d(νk)x‖pg(νk (x)) dx < +∞. (4.11)
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In particular, from item (a) and (4.8) we get
 
Cρk (x0)
G pM
(
νk(x), Tx0ν(x)
)
dx = o(ρ pk ). (4.12)
Claim 1. Let ν(x0) = ∑Jj=1 q j a j , with ai = a j for i = j . Then, there ex-
ist wk ∈ W 1,∞(Cρk (x0),AQ(M)) such that wk =
∑J
j=1

w
j
k

with w jk ∈
W 1,∞(Cρk (x0),Aq j (M)),
‖GM(wk, ν(x0))‖L∞(Cρk (x0)) = o(1), (4.13)
G2M(wk(x), ν(x0)) =
J∑
j=1
G2M
(
w
j
k (x), q j a j 
)
for every x ∈ Cρk (x0),
(4.14) 
Cρk (x0)
G pM(wk, Tx0ν) dx = o(ρ pk ), (4.15)
sup
k
 
Cρk (x0)
‖d(wk)x‖pg(wk (x)) dx < +∞, (4.16)
lim
k↑∞ ρ
−m
k
ˆ
Cρk (x0)∩Bl
eM
(
x, wk(x), (dwk)x
)
dx ≤ dμ
dLm
(
x0
)
. (4.17)
Proof. Let rk ↓ 0 be radii such that ρk/rk → 0 and consider the retraction maps
rk constructed inLemmaA.1.We show thatwk := rk (νk) satisfy the conclusions
of the claim. Set
Hk :=
{
x ∈ Cρk (x0) : νk(x) = wk(x)
}
.
Note that Hk =
{
x ∈ Cρk (x0) : GM(νk(x), ν(x0)) > rk
}
. So, we deduce that
r pk Lm(Hk)≤
ˆ
Hk
G pM(νk(x), ν(x0)) dx
≤C
ˆ
Cρk (x0)
G pM
(
νk(x), Tx0ν(x)
)
dx+C
ˆ
Hk
G pM
(
Tx0ν(x), ν(x0)
)
dx
(4.12)≤ o(ρ p+mk )+C ρ pk Lm(Hk). (4.18)
The latter estimate implies that
ρ−mk Lm(Hk) ≤
o(ρ pk )
r pk
(
1 − C ρ pk r−pk
) ; (4.19)
hence, by recalling the choice of rk , we infer that
Lm(Hk) = o(ρmk ). (4.20)
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In turn, the previous inequality inserted in (4.18) implies also thatˆ
Hk
G pM(νk(x), ν(x0)) dx = o(ρ p+mk ). (4.21)
Therefore, the Lipschitz continuity of rk , the locality of the approximate
differentials and the growth hypothesis on eM , together with (4.10), (4.20) and
Lemma A.2 in [23] imply that
ρ−mk
ˆ
Cρk (x0)∩Bl
(
eM (x, νk(x), d(νk)x ) − eM (x, wk(x), d(wk)x )
)
dx
≤ C ρ−mk
ˆ
Hk∩Bl
(
G pM(ν(x0), νk) + ‖d(νk)x‖pg(νk (x))
)
dx = o(1),
from which (4.17) follows. Moreover, by definition of wk and Hk , we find 
Cρk (x0)
G pM(wk(x), ν(x)) dx
(4.8)≤ C
 
Cρk (x0)
G pM(wk(x), νk(x)) dx + o(ρ pk )
≤ C ρ−mk
ˆ
Hk
G pM(wk(x), ν(x0)) dx
+ C ρ−mk
ˆ
Hk
G pM(νk(x), ν(x0)) dx + o(ρ pk )
≤ C r pk ρ−mk Lm(Hk)
+ C ρ−mk
ˆ
Hk
G pM(νk(x), ν(x0)) dx + o(ρ pk )
(4.19), (4.21)≤ o(ρ pk ).
Then, (4.15) follows from (4.12). Finally, (4.13), (4.14) and (4.16) follow easily
since rk takes values in Brk (ν(x0)) and it is Lipschitz continuous. unionsq
4.2.2. Reduction to the Flat Case Since the w jk ’s take values into Brk (a j ), a set
contained in a normal coordinate chart, we are able to reduce ourselves to the case
of maps with values in a fixed tangent space, namely,
v
j
k :=
q j∑
i=1

exp−1a j ◦(w jk )i

: Cρk (x0) → Aq j (Ta j M).
In what follows we shall regard the map vk as taking values in AQ(Rn) endowed
with the metric G. In particular, G is equivalent to the metric induced by g(ν(x0))
on Jj Aq j (Ta j ).
Let us first notice that (4.15) and item (a) in the definition of B′l imply the
estimate
J∑
j=1
 
Cρk (x0)
G p(v jk , exp−1a j (Tx0ν j )) dx ≤ C
 
Cρk (x0)
G pM
(
wk, Tx0ν
)
dx
≤ C
 
Cρk (x0)
(G pM (wk, ν) + G pM
(
ν, Tx0ν
) )
dx = o(ρ pk ). (4.22)
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Next, we show that the continuity of the integrand eM leads to
lim
k↑∞ ρ
−m
k
∣∣
∣∣∣
ˆ
Cρk (x0)∩Bl
(
eM (x, wk(x), d(wk)x )−eM (x0, ν(x0), d(vk)x )
)
dx
∣∣
∣∣∣
=0,
(4.23)
where, for every x ∈ Cρk (x0) we identify, as usual, the tangent space to Ta jM at
vk(x) with Ta j M itself.
With this aim, we notice that, for every t > 0, the integral on the left hand side
of (4.23) is dominated by the sum of the two terms in the sequel:
I kt := C ρ−mk
ˆ
{x∈Cρk (x0)∩Bl : ‖d(wk )x‖g(wk (x))≥t}
(
1 + ‖d(wk)x‖pg(wk (x))
)
dx,
and
J kt := ρ−mk
ˆ
{x∈Cρk (x0)∩Bl : ‖d(wk )x‖g(wk (x))<t}
∣∣eM (x, wk(x), d(wk)x )
−eM (x0, ν(x0), d(vk)x )
∣∣ dx .
Moreover, by Lemma A.2 in [23] and the equi-integrability of dwk in Bl , which
easily follows from (4.10) and the definition of wk itself, we have that
lim
t↑∞ supk
I kt = 0.
Hence, to derive (4.23), it is enough to show that for every t > 0 the term J kt is
infinitesimal as k ↑ ∞.
For this result, the uniform continuity of the integrand eM on compact sets
provides us with a modulus of continuity ω f,t such that
J kt ≤ ω f,t
⎛
⎝ρk +
J∑
j=1
q j∑
i=1
‖D((a j , d(v jk )i ), ((w jk )i , d(w jk )i )
)‖L∞(Cρk (x0))
⎞
⎠ ,
where the distance D appearing on the right hand side is the one introduced in (2.2)
for H
(
R
m, TM). To clarify the previous inequality, we remark that for ν(x0) and
wk(x), x ∈ Cρk (x0), we have chosen the order giving the L∞ distance between
them. Therefore, if we show that for all 1 ≤ j ≤ J and 1 ≤ i ≤ q j , we have
‖D((a j , d(v jk )i ), ((w jk )i , d(w jk )i )
)‖L∞(Cρk (x0)) ≤ C rk, (4.24)
so we get (4.23). The proof of (4.24) follows easily from the definition of the
distance D. We refer to [23, Section 2.2.2] for all the details.
Author's personal copy
922 Matteo Focardi, Paolo Maria Mariano & Emanuele Spadaro
4.2.3. Conclusion of the Proof Since the functions vk have full multiplicity at x0,
we can blow-up them. Let then zk := ∑Jj=1

z jk

, the maps z jk ∈ W 1,∞(C1,Aq j )
defined by
z jk (x) := τ−a j
(
ρ−1k τa j (v
j
k )(x0 + ρk ·)
)
(x),
τ−a j being the usual translation in Aq j , that is
τ−a j
( q j∑
i=1
pi 
)
:=
q j∑
i=1
pi − a j 
A simple change of variables together with estimate (4.22) gives
z jk → exp−1a j (Tx0ν j ) in L p(C1,Aq j ), (4.25)
while together with (4.16) yields
sup
k
ˆ
C1
‖d(zk)x‖pg(ν(x0)) dx < +∞. (4.26)
In addition, formulas (4.17) and (4.23) give
lim
k↑∞
ˆ
C1∩ρ−1k (Bl−x0)
eM
(
x0, ν(x0), d(zk)x
)
dx ≤ dμ
dLm
(
x0
)
. (4.27)
By taking into account (4.26), Lemma 1.5 in [14] provides a subsequence
(ζk)k∈N ⊂ W 1,p(B,AQ) such that
(i) Lm({z jk = ζk}) = o(1) and ζ jk ⇀ Tx0ν j in W 1,p(B,Aq j );
(ii) (‖(dζk)x‖p)k∈N is equi-integrable;
(iii) if p ∈ [1,m), (G p∗(ζk, ν0))k∈N is equi-integrable and, if p = m, (Gq(ζk,
ν0))k∈N is equi-integrable for any q ≥ 1.
Eventually, since x0 is a point of density of Bl we have that Lm(C1\ρ−1k (Bl −
x0)) = o(1) as k ↑ ∞. Thus, by taking into account the equi-integrability of
(ζk)k∈N, Theorem 0.2 in [14] implies that
lim inf
k↑∞
ˆ
C1∩ ρ−1k (Bl−x0)
eM (x0, ν(x0), d(zk)x ) dx
= lim inf
k↑∞
ˆ
C1∩ ρ−1k (Bl−x0)
eM (x0, ν(x0), d(ζk)x ) dx
= lim inf
k↑∞
ˆ
C1
eM (x0, ν(x0), d(ζk)x )dx ≥ eM (x0, ν(x0), dνx0).
This inequality, together with (4.27), concludes the proof of (4.7).
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5. An Elastic Case: Existence of Ground States
5.1. Kinematics and Representation of the Actions: Geometrical Issues
Here we apply the results proved in Section 4 to the case of elastic materials for
which microstructural events are coupled with the macroscopic strain—materials
that are then called complex just to remind these features.
As anticipated in introducing our analyses, we restrict our attention to a class
of energies of Ginzburg–Landau type with respect to the spatial derivative of the
microstructural descriptor ν, which is also here, as above, a manifold Q-valued
map.
Since we want to include macroscopic strain, we have to account for the
deformation
x −→ y := u (x) ∈ R˜3, x ∈ B,
which maps the reference place B in R3 onto the current ones in R˜3.4
The deformation that we consider is standard. The map u is (1) one-to-one, (2)
differentiable, and (3) orientation preserving. We write F for the spatial derivative
of u at x , namely Du(x) ∈ Hom(TxB, Tyu(B)) and call it deformation gradient,
by following the traditional terminology, although there is difference between Du
and the gradient ∇u given by the metric g in the reference place B: ∇u (x) =
Du (x) g−1, in fact. F itself, the relevant cofactor, cofF , and the determinant, det F ,
are the essential ingredients determining strain measures connected respectively
with the stretch of lines, surfaces, and variations in volumes. The requirement that
u is orientation preserving implies the non-linear constraint det F > 0.
More generally, consider F as a linear operator in Hom(TxB, Tyu(B)), not
necessarily coincident with Du(x). The components of F , cofF , and det F can be
put together into a fully contravariant third-rank tensor, that we call here M(F).
To construct it, select at x ∈ B three linearly independent vectors a1 , a2, a3 and
consider maps of the type5
a1 ∧ a2 ∧ a3 −→ Fa1 ∧ a2 ∧ a3,
a1 ∧ a2 ∧ a3 −→ Fa1 ∧ Fa2 ∧ a3,
a1 ∧ a2 ∧ a3 −→ Fa1 ∧ Fa2 ∧ Fa3.
4 The reference place and those occupied by the body in the deformed configurations
are in two different spaces, here R3 and R˜3, respectively, which are isomorphic and equi-
oriented. This choice is something more than the standard distinction between Lagrangian
and Euclidean coordinates for the reference and the current configurations are selected
traditionally in the same Euclidean space. The distinction that we choose is expedient on
one side while, on the other side, is strictly linked with the definition of observers, their
changes and their use in deriving from invariance requirements the balances of standard,
microstructural, and configurational actions, a question not tackled here (the reader can find
details in [39]).
5 See [53] for the definition of the wedge product.
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We can then define M(F) by
M(F) : = a1 ∧ a2 ∧ a3 + Fa1 ∧ a2 ∧ a3 + a1 ∧ Fa2 ∧ a3 + a1 ∧ a2 ∧ Fa3
+ Fa1 ∧ Fa2 ∧ a3 + Fa1 ∧ a2 ∧ Fa3 + a1 ∧ Fa2 ∧ Fa3
+ Fa1 ∧ Fa2 ∧ Fa3
= (a1, Fa1) ∧ (a2, Fa2) ∧ (a3, Fa3) .
M (F) has 20 components, which are 1 and the entries of F , cofF , and det F ,
namely the entities determining, at the point where F is evaluated, the strain mea-
sures. In short we can write M(F) = (1,M(F)), with M(F) := (F, cofF, detF).
M(F) is a 3-vector, an element of the space commonly indicated by 3(R3 × R˜3)
(see [28]). Such a space does not contain only elements of the type M (F). With
(e1, e2, e3) a basis in R3 and (e˜1, e˜2, e˜3) another basis in R˜3, we can write every
3-vector M ∈ 3(R3 × R˜3) in the form
M = ζe1∧e2∧e3+
3∑
i,J
(−1)J−1 Li J eJ¯∧e˜i+
3∑
i,J
(−1)i−1 Ai J eJ∧e˜ı¯+a e˜1∧e˜2∧e˜3,
(5.1)
where J¯ is the complementary multi-index to J with respect to (1, 2, 3), ı¯ has an
analogous relation with i (for example, if J = 1, then J¯ = (2, 3) and eJ¯ = e2∧e3,
and the same holds for the index i and its pertinent ı¯), Li J and Ai J are components
of linear maps, ζ and a are scalars.
With dx1, dx2, dx3 and dy1, dy2, dy3 the bases in the dual spaces R3∗ and
R˜
3∗, respectively, any element ω of the dual space to 3(R3 × R˜3), commonly
indicated by 3(R3 × R˜3), can be expressed as the sum
ω : = β dx1 ∧ dx2 ∧ dx3 +
3∑
i, j=1
(−1)J−1ri Jdx J¯ ∧ dyi
+
3∑
i, j=1
(−1)i−1 si Jdx J ∧ dyı¯ + ς dy1 ∧ dy2 ∧ dy3,
where J¯ and ı¯ have the same meaning above, β and ς are scalars, r and s are linear
operators with covariant components.
A special ω can be constructed by using the stress tensor, in particular the first
Piola-Kirchhoff stress, P , obtained by pulling back to B the second component of
the Cauchy stress σ ∈ Hom(T ∗y u (B) , T ∗y u (B)). We have then over B the map
x −→ P := P (x) = (det F) σ (x) F−∗ ∈ Hom(T ∗x B, T ∗y u (B)).
With P we can act as with F in the sense that we can choose at x ∈ B three linearly
independent covectors, say the covector basis dx1, dx2, and dx3, and constructmaps
of the type
dx1 ∧ dx2 ∧ dx3 −→ dx1 ∧ dx2 ∧ Pdx3,
dx1 ∧ dx2 ∧ dx3 −→ dx1 ∧ Pdx2 ∧ Pdx3,
dx1 ∧ dx2 ∧ dx3 −→ Pdx1 ∧ Pdx2 ∧ Pdx3.
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Then, we define
ω (P) : = dx1 ∧ dx2 ∧ dx3
+ Pdx1 ∧ dx2 ∧ dx3 + dx1 ∧ Pdx2 ∧ dx3 + dx1 ∧ dx2 ∧ Pdx3
+ Pdx1 ∧ Pdx2 ∧ dx3 + Pdx1 ∧ dx2 ∧ Pdx3 + dx1 ∧ Pdx2 ∧ Pdx3
+ Pdx1 ∧ Pdx2 ∧ Pdx3
=
(
dx1, Pdx1
)
∧
(
dx2, Pdx2
)
∧
(
dx3, Pdx3
)
∈ 3(R3 × R˜3).
This collects information on stresses along lines and surfaces (the latter expressed
by the components of the terms of the type dx1 ∧ Pdx2 ∧ Pdx3), and the pressure
associated with volume changes (the term Pdx1 ∧ Pdx2 ∧ Pdx3).
When we select M = M (F), the value that ω takes over M has then a clear
physical significance. Write 1,+ for the subset of 3(R3 × R˜3) containing those
3-vectors M in (5.1) with ζ = 1 and a > 0. The last inequality coincides with
det F > 0 when M = M (F). Such a set includes all 3-vectors of the type M(F)
but not just them.
For any piecewise-C1 curve γ : [−1, 1] −→ 1,+, consider a continuous map
t −→ ω (t) ∈ ∗1,+, a form indeed, with t ∈ [−1, 1]. Along γ , define a functional
w (ω, γ ) by
w (ω, γ ) :=
ˆ 1
0
ω (γ (t)) · γ˙ (t) dt.
This has the meaning of a generalized internal work. In fact, since
ω =
3∑
k=0
ω(k), γ (t) =
3∑
k=0
γ(k) (t) ,
when γ (t) is of the type M(F), the product ω (γ (t)) · γ˙ (t) = ∑3k=0 ω(k) (γ (t)) ·
γ˙(k)(t) involves
(1) the power density ω(1) · γ˙(1) produced along lines,
(2) a power determined by volume changes, given by ω(3) · γ˙(3)(t),
(3) terms given by the multiplication of the components of ω(2) with the ones of
γ˙(2) (t), which represent the power over coordinate planes in a local frame, and
for every local frame.
From the definition ofw(ω, γ )we infer that the value ofω over a given M is exactly
a density of inner work when M = M(F), generalized in the sense that M(F)
includes incompatible strains. Compatibility is assured when M(F) = M(Du).
The (generalized) overall inner work over the whole B is then the integralˆ
B
ω · M(F) dx .
In particular, when M = M(Du) and u belongs to W 1,1, the functional
Gu(ω) :=
ˆ
B
ω · M(Du) dx,
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obtained by fixing M(Du) and allowing ω to vary in 3(R3 × R˜3)—it is a gener-
alized virtual work obtained by testing on a given deformation virtual stresses—is
the so-called current associated with u (see [28]). We can relate with it a notion of
boundary by calling boundary current the functional ∂Gu , defined by
∂Gu(ω) := Gu(dω)
over the space of 2-forms compactly supported over B. For u ∈ W 1,1, with
|M (Du)| ∈ L1 (B), in general the boundary current ∂Gu does not vanish. How-
ever, if u is smooth, ∂Gu (ω) = 0 for all 2−forms as indicated above. In particular,
it is possible to prove (see [27], and also [28]) that ∂Gu = 0 if u ∈ W 1,3. Once
we select the deformation u in spaces such as W 1,1 or W 1,2, the notion of current
allows us to determine the subset includingmaps which can represent what we intu-
itively have in mind when we talk about elasticity, at least ideally: the possibility of
straining a body at will, recovering the deformation without cavitation, nucleation
of fractures, and dissipation. Such a set is the space of weak diffeomorphisms.
Definition 5.1 ([27]). u ∈ W 1,1(B, R˜3) is said a weak diffeomorphism (and we
write in this case u ∈ dif1,1(B, R˜3)) if
(1) |M(Du(x))| ∈ L1 (B),
(2) ∂Gu = 0 on D2c (B, R˜3),
(3) det Du(x) > 0 almost everywhere x ∈ B0,
(4) for any f ∈ C∞c (B × R˜3)ˆ
B
f (x, u(x)) det Du(x) dx ≤
ˆ
R3
sup
x∈B
f (x, y)dy.
In this definition,D2c (B, R˜3) is the space of compactly supported 2−forms. The
last inequality is a condition allowing self-contact of the body boundary without
self-penetration of the matter. We write difr,1(B, R˜3) when |M(Du(x))| ∈ Lr (B),
with |M(Du(x))| the square root of the product of M(Du(x)) by itself.
5.2. Energy
When ν is single-M-valued, a general expression of the elastic energy of com-
plexmaterials and the existence of relevantminimizers have been analyzed in [41].6
Here we consider an energy with less general form. However, in contrast to [41],
it includes multi-valued maps ν. The energy that we consider has the following
decomposed structure:
E (u, ν) :=
ˆ
B
(
eE (x, u, Du, ν) + eM (x, ν, (dν)x )
)
dx . (5.2)
A number of constitutive assumptions apply and are listed below.
6 Another analysis is in [52] for the case ofmicromorphicmedia (ν is a second-rank tensor).
In particular, the coercivity condition in [41] is stronger than that in [52], where, however,
the weakened condition adopted takes advantage of a special (decomposed) expression of
the energy, less general than the one investigated in [41].
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(H1) eE : B × R˜3 × M+3×3 × MQ → [0,+∞) is a Borel map such that
(a) for every (x, u, F) ∈ B × R˜3 × M+3×3 the function eE (x, u, F, ·) is invariant
under the action of PQ , that is for every permutation π of {1, . . . , Q}, we
have
eE (x, u, F, ν1, . . . , νQ) = eE (x, u, F, νπ(1), . . . , νπ(Q)); (5.3)
(b) eE (x, u, ·, ν) is a (standard) polyconvex integrand for any (x, u, ν) ∈ B ×
R˜
3 × AQ(M), that is there exists a Borel function Pe : B × R˜3 × 3(R3 ×
R˜
3) × AQ(M) → [0,+∞] such that
(i) Pe(x, ·, ·, ·) is lower semicontinuous for L3 almost everywhere x ∈ B,
(ii) Pe(x, u, ·, ν) is convex for all (x, u, ν) ∈ B × R˜3 × AQ(M),
(iii) Pe(x, u, M(F), ν) = eE (x, u, F, ν) for all lists of entries with det F > 0;
(c) for a constant C1 > 0, an exponent r > 1 and a function ϑ : (0,+∞) →
(0,+∞) with ϑ(t) ↑ +∞ as t ↓ 0+, the inequality
eE (x, u, F, ν) ≥ C1
(|M(F)|r + ϑ(det F))
holds for all (x, u, F, ν) ∈ B × R˜3 × M+3×3 × MQ .
(H2) eM : B ×
(
H(R3, TM))Q → [0,+∞) is a continuous map such that
(a) there exists a regular fieldB  x → (x) taking as values fourth-rank tensors
with major symmetry alone, such that
eM (x, ν, N ) = 1
2
Q∑
i=1
((x)Ni ) · Ni
for all (x, ν, N ) ∈ B × (H(Rm, TM))Q , with N = ∑Qi Ni ;
(b) eM (x, ·) is quasiconvex for all x ∈ B according to Definition 4.1;
(c) for constants C2, C3 > 0, the inequality
C2‖N‖2g(ν) ≤ eM (x, ν, N ) ≤ C3‖N‖2g(ν)
for all (x, ν, N ) ∈ B × (H(R3, TM))Q .
In view of item (c) in (H2), for all ϕ ∈ Lip(R3,AQ(M)) with compact support,
we have
ˆ
R3
Q∑
i=1
((x)Dϕi (x)) · Dϕi (x)dx ≥ C2
ˆ
R3
‖dϕ‖2g(ϕ(x))dx,
where Dϕi is the (m × 3)-matrix representing dϕi , i = 1, . . . , Q. In particular, if
the field  is constant, the quadratic integrand turns out to be Q-semielliptic in the
sense of Mattila [43], that is
ˆ
R3
Q∑
i=1
(
Dϕi (x)
) · Dϕi (x) dx ≥ 0
for all ϕ ∈ Lip(R3,AQ(M))with compact support. The equivalence of Q-semiell-
ipticity and quasiconvexity has been addressed in [14, Remark 2.1].
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5.3. Existence of Ground States
To develop an existence theory via the direct methods of the calculus of vari-
ations we first look for conditions implying the lower semicontinuity of the rele-
vant energies. In particular, we assume that the deformation u varies in the class
difr,1
(B, R˜3) of weak diffeomorphisms, while the morphological descriptor ν is in
W 1,2
(
;AQ(M)
)
. Hence, the space we are considering is
Wr,2 =
{
(u, ν) : u ∈ difr,1(B, R˜3), ν ∈ W 1,2(B;AQ(M)
)}
,
with B a bounded open connected subset of R3.
The energy canbe then considered as amapE : L1(B; R˜3)×L2(B;AQ(M)
) →
[0,+∞] defined by
E(u, ν) :=
ˆ
B
e (x, u(x), Du(x), ν(x), (dν)x ) dx (5.4)
for (u, ν) ∈ Wr,2, and +∞ otherwise.
The results in Section 4 and the subsequent assumptions allow us to get a first
conclusion.
Theorem 5.2. Let e : B × M+3×3 ×
(
H(Rm, TM))Q → [0,+∞] be as in (5.2)
with eE and eM satisfying (H1) and (H2) above. Then, the energy E in (5.4) is
sequentially lower semicontinuous on L1
(B, R˜3) × L2(B,AQ(M)
)
.
Proof. On one hand the energy
EE (u, ν) :=
ˆ
B
eE (x, u(x), Du(x), ν(x)) dx
is sequentially strongly lower semicontinuous on L1
(B, R˜3) × L1(B,AQ(M)
)
thanks to item (a) in (H1), Lemma 2.6 and Ioffe’s classical weak-strong lower
semicontinuity result.
On the other hand, the energy
EM (ν) := 1
2
ˆ
B
∑
i
(
(x)Dϕi (x)
) · Dϕi (x) dx
is sequentially strongly lower semicontinuous on L2
(B,AQ(M)
)
thanks to Theo-
rem 4.3 and assumption (c) in (H2).
The conclusion then follows at once. unionsq
The existence of ground states for E , if supplemented with suitable bound-
ary conditions, follows immediately by using the closure of the space Wr,2 in
L1
(B, R˜3) × L2(B,AQ(M)
)
under the natural topology, and the coerciveness
implied by the bounds in items (c) of (H1) and (H2).
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Appendix A. A Projection Lemma
Finally we prove a truncation lemma in AQ(M) that will be exploited in the proof
of Theorem 4.3.
Lemma A.1. For every T = ∑Jj q j a j , with ai = a j for i = j in AQ(M), let
r j > 0 be the injectivity radius in a j of M, and s(T ) := mini = j dM(ai , a j ).
Then, there exists r0 > 0 such that, for all r < r0, there exists a Lipschitz map
r : AQ(M) → Br (T ) ⊂ AQ(M) with r |Br (T ) = Id , r |AQ(M)\B2r (T ) = T
and Lip(r ) ≤ C, for some positive constant C = C(T,M).
Proof. Let r0 ≤ min{r j , s(T )}/16 be such that all the exponential maps expa j
are 2-Lipschitz in Br0 ⊂ Ta j M. Note that for S ∈ B4r (T ) there exists a unique
decomposition S = ∑Jj S j , with S j ∈ Aq j (M) equal to
∑q j
i=1

Sij

, such that
G2M(S, T ) =
J∑
j
G2M(S j , q j a j ).
We define the map r : AQ(M) → AQ(M) as follows
r (S) :=
⎧
⎪⎪⎨
⎪⎪⎩
T if S /∈ B2r (T )
∑J
j
∑q j
i=1

expa j
(
Fr (GM(T, S)) exp−1a j (Sij )
)
if S ∈ B2r (T ),
(A.1)
with Fr (t) :=
(
1 ∧ ( 2 r−tt
)) ∨ 0, t ∈ R. We only check the Lipschitz continuity of
r since by construction all the other properties are straightforwardly verified.
Fix Q-points S, R ∈ AQ(M), we distinguish three cases:
(a) S, R /∈ B2r (T );
(b) S ∈ B2r (T ) and R ∈ B3r (T );
(c) S ∈ B2r (T ) and R /∈ B3r (T ).
Case (a) is immediate. Case (c) follows easily from
GM(r (S),r (R)) = GM(r (S), T ) ≤ r ≤ 3r − GM(S, T ) ≤ GM(S, R).
We show the more intricate case (b). We use the decomposition above S = ∑Jj=1
∑q j
i=1

Sij

, R = ∑Jj=1
∑q j
i=1

Rij

, and we assume that
G2M(S, R) =
∑
j,i
d2M(S
i
j , R
i
j ).
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By definition it is enough to estimate the following:
dM
(
expa j (Fr (GM(T, S)) exp−1a j (Sij )), expa j (Fr (GM(T, R)) exp−1a j (Rij )))
)
≤ 2
∣∣
∣Fr (GM(T, S)) exp−1a j (Sij ) − Fr (GM(T, R)) exp−1a j (Rij ))
∣∣
∣
≤ 2
∣∣∣(Fr (GM(T, S)) − Fr (GM(T, R))) exp−1a j (Sij )
∣∣∣
+2
∣∣∣Fr (GM(T, R)) (exp−1a j (Sij ) − exp−1a j (Rij ))
∣∣∣
≤ 2
r
GM(S, R) | exp−1a j (Sij )| + 2 dM(Rij , Sij )
≤ 2
r
GM(S, R)GM(S, T ) + 2 dM(Rij , Sij ) ≤ 6GM(S, R). (A.2)
Summing up all the contributions we finally get
GM(r (S),r (R)) ≤ 6 Q GM(S, R).
unionsq
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